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Abstract. We construct a geometric structure on deformed supcrmanifolds 
as a certain subalgebra of the vector fields. In the classical limit we obtain a 
decoupling of the infinitesimal odd and even transformations, whereas in the 
semiclassical limit the result is a representation of the supersymmetry algebra. 
In the case that the structure is mass preserving we describe all high energy 
corrections to this algebra. 



1. Introduction and Preliminaries 

In this text we present the definition of a geometric structure on deformations 
of supcrmanifolds which we call SUSY structure. More precisely, we construct 
a subalgebra & of the vector fields on the deformed supermanifold, such that in 
the semiclassical limit we obtain a representation of the supersymmetry algebra. 
We develop in detail the tools we need to formulate the construction of 6 before 
we discuss examples. In particular, as an important example of such structure 
- a structure which preserves mass dimension - we will describe all high energy 
corrections in detail. The physical notations which we used above are naturally 
motivated after introducing the mass dimension in section [5] In particular the 
different limits are closely related to certain ranges of values of the deformation 
parameter which may be interpreted as energy. Their meaning will be specified in 
definition 12.71 

Consider the graded manifold M = (M re( j, 21) where M re( j is a (pseudo) Riemannian 
spin manifold. By V we denote the Levi-Civita connection on Af rc( j. Furthermore 
21 := TAS is the space of sections in the exterior bundle of the spinor bundle S 
over Aired- The splitting of 21 = 2lo © 21 i into even and odd forms define the 
even and odd functions on M. The derivations of 21 are called vector fields on 
M and will be denoted by X(M). The vector fields inherit a natural Z2-grading 
X(M) = X(M)o © X(M)i which is given by derivations which preserve or change 
the degree of homogeneous elements in 21, respectively. 

The graded manifold M is equipped with a bilinear form g + C where g is the 
metric on M and C = (•,•) a charge conjugation on S. The charge conjugation 
is a non degenerated, spin invariant, bilinear map which yields an identification 
TS* ~ TS. It provides a morphism C* : TS (g> TS ~ TEnd(S) -> TA*TM red and we 
denote the projections on the respective summands by Ck ■ TS (g)TS — > TA k TM le< i- 
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The induced projections are either symmetric or skew symmetric. This depends 
on the choice of charge conjugation and we denote the symmetry by A& G {±1}- 
The morphism C* needs a few words of explanation. If the spinors are taken to 
be complex, the target space of C* should of course be taken complexified, too. In 
this case, and if S is the minimal representation, C* is an isomorphism if dimM is 
even but maps onto one half of the forms if dimM is odd - see [12] or [4] for more 
details. If S is taken to be real the discussion is more delicate. Depending on the 
signature of the metric the spin representation is real, complex or quaternionic and 
a construction of real spinors, in particular in the complex and quaternionic case, 
needs a doubling of the complex spinors. In these cases C* is not 1:1 but 1:2" with 
a = 0,1,2 or 3. For an elaborated discussion on the restriction to real spinors as 
well as the symmetry of the projections we cordially refer to [2] and [9]. 

In the case Ai = 1 we will often write C\{rj © £) = ^{77, £} and we will call M 
a special graded manifold. For example in Lorentzian signature Ai = 1 is always 
possible for the minimal real spinors, see [3] and [9]. 

A map jc ■ rS — > X(M)i is now canonically assigned to Cq = C. More precisely, 
jcif) acts via interior multiplication with respect to the charge conjugation and, 
therefore, is a derivation of degree —1. 

Consider a connection D on the spinor bundle S. For every vector field A G 
X(-/Vf ro d) the action of Dx on 21 is that of a derivation of degree zero. We write 
jD : X(A/ rc d) — > X(Ajf)o for the corresponding map. 

The inclusion jd ® ]c '■ X(M rc d) © TS <—> X(M) gives rise to a splitting 

(1) X(M) = 21 © jX(M rcd ) © 21 <g> jTS , 

see [TT| or [13]. We call a vector field A of degree (fc, e) e Z x Z 2 if X e TA k S®TS 
for e = 1 and X E TA k S © X(M Tcd ) for e = 0. The Z-degree of a vector field of 
degree (k, e) is defined as k — e G Z, and (k — e) mod 2 coincides with the induced 
Z2-grading. The even and odd parts of the vector fields are given by 

(2) £(M)o/i - »o/i ® 3e(M red ) © 2l 1/0 © rs , 

whereas the vector- and spinor-like fields are defined as X(M) V := 2l©X(M re d) and 
X(A/) S := 21 ©TS*. 

2. FlLTRATIONS AND DEFORMATIONS 

Filtrations. A filtration of a set X is an increasing sequence X = {X n ) n£ ^ of 
subsets of X, i.e. Xi C ^i+i, such that [J k Xk = X. A filtration is called finite if 
there exits a no such that X k = A" for all k > no- A filtration of a linear space X is 
an increasing sequence of linear subspaccs which, in particular, is finite if X is finite 
dimensional. If X has an algebra structure the filtration is called t- compatible if I 
is the minimal number such that XiX^ C Xi+y+i for all G N. A subsequence 
X' = {X' n ) n( zfi of X is called subfiltration. If the filtrations X = (A„)„ 6 n and 
A"' = (A^)„ g N of A obey Aj C X[ C Aj+i for all i G N we say A"' supplements 



1 We will omit the index at the inclusion maps if we fix the charge conjugation and the 
connection. 
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X. If X admits a Z 2 -grading we call a filtration X = {X n }„ 6 N compatible with the 
grading if X| mod2 = X^° d2 for all fc. 

We will apply these notions to the graded manifold M and discuss nitrations of the 
algebra of functions as well as of the super Lie algebra of vector fields. 

Consider the graded manifold M = (M Te d,A). The algebra of superfunctions ad- 
mits a natural O-compatiblc filtration 21 = (J) fc 2lfc with 



(3) 



The Lie algebra of vector fields X(M) on the graded manifold admits different 
nitrations. We consider two nitrations given by W = {Wi}i>o and W = {Wj}j>_i 
witlfl 

2l 2 fe ® j(X) © Staib-i 
2l 2fe <8 XX) © 2l 2fc 
2l 2fe ® j(X) © 2t 2 fc+i 
2t 2fe +i ® j(X) © 2l 2fe+ i 



W 4k 
Wik+i 

W 4 k+2 
W Ak +3 



>j(rs) 



and 



W 4 k-i 

w 4k 

W 4 fe+i 

W 4k+2 



2i 2fc -i0j(x)ffi » 2fc ®xrs) 

2t 2fe ©j(X)ffi a 2fc ®j(rS) 
2l 2fc+ i®j(X)ffl % 2k ®j(TS) 
2l 2fc+ i®j(X) © S»afc+i®j(r5). 



The filtrations W and W have the following properties: 



• W and W are finite with £(M) = VK 2£+ i = VK 2£ for I > dim 5. 

• Both filtrations are fine in the sense that W m +x/W m is homogeneous in 
X(M) with respect to the (Z x Z 2 )-grading. 

'2k+l 



• Both filtrations are compatible with the Z 2 -structure, i.e. W® k = W® 



and W\ k _ Y 



W\ k as well as W° k 



W° k+1 and W\ k _ x 



• With respect to the graded Lie bracket see (|22|) for some basic formu- 
las - W is 2-compatible and the two subfiltrations {W^n+i} and {Wbn} 
are 1-compatible. W is 5-compatible, although its subfiltration {Wbn} 
(= {Wan+i}) i s 1-compatiblc. 

The last point makes the filtration W the more natural one. Nevertheless, we will 
need a combination of both. 



By defining G; 



Wg and Ui 



Wli_i we get an even filtration 



{Gi} of X(Af)o and an odd filtration {Ui} of X(M)i which arc explicitly given by 

G 2k = 2l° fe ® j(X) © %\ k _ t ® ](TS) , 
G 2fc+ i = 2l° fe ® j(X) © 2li fe+1 ® j(T5) , 
Pa* = ® XX) © 2l° fc ® j(TS) , 

c/ 2fe+ i = aj fc+1 ® XX) © a° fc ® xrs) . 



"We write X := X(M ro( j) in this subsection. 
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The filtrations are connected via Gk ®Uk = Wbfc+i = W%k and Gk ® Uk-i = W 2 k 
as well as Gk © £4+i = Wik+i- In particular, 

G 2fe +i © Uik = W«+2 = 2l 2fe © j(3£) © a 2 *+i © j(rS') , 

G 2fe +i © U 2k +2 = W 4 k+3 = 2t 2fc+ i © j(X) © 2l 2fc+2 © j(TS) . 

Definition 2.1. Wc define the filtration Z = {Zk}k>o by 

(4) Z 2fe := Wik+2, Z 2k +i ■= W 4k+ 3 ■ 
I.e. Z k = 2l ft ® © 2l fc+1 ® j(rS). 

The filtration Z has the following properties: 

• Z is neither a subfiltration of W nor VV but a combination of parts of both. 

• Z is compatible with the Z 2 -grading, i.e. = Z^k+\ an d Z\ k l = Z\ k . 

• Z is not fine with respect to the (Z x Z 2 )-grading but it is fine with respect 
to the Z-grading, i.e. the (Z x Z 2 )-homogeneous elements in Zk/Zk-i arc 
of degree (fc, 0) or (k + 1, 1). 

• Z is a 0-compatible filtration. 

Deformations. 

Definition 2.2. The deformation of a set X with respect to the filtration X is 
defined as the subset 

(5) def*X ~ {J2a k q k \a k eX k } 

of X[qJ of formal power series in the (even) parameter q with coefficients in X. 

Remark 2.3. • Deformations as given above have been introduced by M. Ger- 

stenhaber in a series of papers of which we would like to mention the last 
one [7]. The author uses filtrations which obey Fj C ij-i with respect to 
a Z-grading. Up to sign this coincides with our Z-grading. 

• If X is a algebra and X = {X„}„ 6 n is 0-compatiblc then dcf^X is a 
subalgebra of X [q] . 

• If X is compatible with a given Z 2 -grading on X then def^X is canonically 
Z 2 -graded. 

Definition 2.4. Let M = (M ro d,2l) be a graded manifold. A deformation of M is 
defined by the deformation of 21 with respect to the natural filtration (JSJ). We write 
M q := (M red , def q 2t) with 

(6) def q 2t := dcf^ at 2l C a[q] . 

The vector fields on the deformed graded manifold M q are given by the derivations 
of the algebra def q 2l, and will be denoted by X(M q ) = 0er(def q 2l) . 

Proposition 2.5. Let Af q be the deformation of the graded manifold M = (M re( j, 21) 
and 21 = TAS 1 . The vector fields of the deformed graded manifold M q are connected 
to the filtration Z of X(M) cf. definition \2.1\ by 



(7) 



X(M q ) n £(M)[q] = def q X(M) 
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Proof. The deformation of X(M) with respect to Z is given by 
deff£(M) 
= {Eafcq fc |o fc G Z fc } 

= {E(«fc ® jPO + ® j(Q)h k I <*/, 6/ e SI/, X 6 X(M rcd ), G rs} 

= {E«feq fc ®jP0 +E^+iq fc l a *A e o*,x e x(A/ rcd ),0 g rs} 

= | a © j(X) + b © j(6>) | a G def q 2l, 6 G 2li • def q 2l, X G X(M rcd ), G rsj 

= dcf q 2l (8 j(X(Af rod )) © 2lj ■ def q 2l © j(rS) . 

The derivations of def q 2l form a subset of Der(2l[q]). A careful examination of the 
possible homogeneous summands leads to 

0et(def q 2l) = def q 2l ® j(X(M ied )) © 21 1 • def q 2l © j(TS) © q • def q 2t • ^ 

n n 

5et(2l[[q]) = £(M)[q] © 21 [q] £ 

Comparing the two spaces finishes the proof. □ 

Mass dimension. It is natural to express the units of all physical values in powers 
of the unit of mass and we call this power the mass dimension. For example, we 
have [energy] = [momentum] = [acceleration] = +1 or [time] = [length] = —1 or 
[velocity] = 0. In this context a vector field as a field of directional derivatives or 
velocities has mass dimension 0. It is natural to assign to a spinor mass dimension 
— ^ so that a a supersymmetry generator has mass dimension +i. A multi spinor 
G A k TS, thus, has mass dimension — |. 

The even formal parameter q is defined to be of mass dimension [q] := 1. With 
this notation we get the following possible mass dimensions for vector fields of M q 
contained in def q ! X(M): 

Table 1. Mass dimensions 

6Eq 2e Z° e [0] G {£,£ + l,...,2£} 

9eq 2 '4 => [0] g {£+\,£+%...,2£+\} 

«eq 2W 4 +1 =► [6}e{£ + l,£ + 2,...,2£ + l} 

«eq 2W 4i =► [e}&{£ + h£ + l,...,2£+l} 

Remark 2.6. The mass dimension of vector fields in X(M) coincides with the Z- 
degree up to a factor —2. So the mass-dimension coincides with grading cf. Ger- 
stenhaber, at least up to a factor of 2. Therefore, the mass dimension on def q X(M) 
may be identified with an extension of the Z-grading on X(M) where q has degree 
—2. This extension is compatible with the Z2-grading because q is even. 

Because q has mass dimension one it may be identified with the physical value 
energy. This motivates the following general definition. 
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Definition 2.7. For a subset U C def q X of a deformation of X with respect to 
a filtration X we call U mod q the classical limit and U mod q 2 the semiclassical 
limit. The terms which are proportional to q fc with k > 2 are called /ug/i energy 
contributions. If wc want to emphasize that the high energy contributions turn U 
into an algebra we call them high energy corrections. 

3. Torsion and Admissibility 

In this section we will give the construction of torsion of arbitrary spinor connec- 
tions. The result of the construction is an extension of the notion of torsion for 
connections on the tangent bundle of a pseudo Ricmannian manifold. It is a proper 
extension in such a way that for metric connections on the spinor bundle, i.e. those 
which arc lifted from a connection on TM via the Clifford map, both notions co- 
incide. The torsion of an arbitrary connection D depends on the choice of a spin 
invariant bilinear form C on the spinor bundle (sec definition ^. 4p . This is the price 
for the fact that the class of connections we will consider does not preserve the 
charge conjugation in general, see definition 13. 7\ remark [3.81 and proposition 13.101 
For the proofs of the statements and an extended discussion of the objects which 
we recall below wc cordially refer the reader to [10] where the torsion of spinor 
connections has been introduced. 

As in section Q] we denote the charge conjugation on the spinor bundle S by C . 
Moreover, we take the Clifford map as 7 G TM ® S -> S or 7 : TM -> EndS 
depending on what is more convenient in the respective situation. For the images 
of a local base {e&} of TM we use the common notation j(ek) = Jk- 

Given a spinor connection on S, we denote the connection which is induced by D 
and the Levi-Civita connection on bundles constructed of S and TM rG( j by algebraic 
operations by the same symbol D, e.g. D(n <S> X) = Dn ® X + r\ ® VX for rj G TS 
and X G X(Af rcd ) or (Da) (17) = -a(Drj) for a G TS* and n G TS. 

We will assign to the connection D another connection D c on S by requiring that 
the connection D <g> 1 + 1 ® D c on 5 1 ® S makes the charge conjugation parallel, i.e. 
C{D x r],0 + C(n,D%0 = for all 77, £ G TS and X G X(A/ rcd ). The next remark 
is obtained immediately. 

Remark 3.1. For ft G TEnd(S) we define fl c G TEnd(S) by C(fl c i], £) := C(r], fl£) 
for all £, 77 G TS. Then the curvature R of D and the curvature R c of D c are 
related by 

{R{X,Y)) C = -R C {X,Y). 

We endow the bundle of £'n(i(S')-valucd tensors with a connection D which is 
induced by D, D c and V in the following way. 

Definition 3.2. Let $ G X(Af rcd )® fc ® fi 1 (M rcd )® £ ® End(S). The connection D 
is defined by 

(8) 0z*){X)Z := D Z ($(X)Q - $(V° X)£ - $>{X)D c z t 

for all spinors £ G S, tensor fields X G 1 (A/ rcd )®' c O £(M red )^, and vector fields 
Z G X(A^ cd ). 
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We consider the representation ad of End(S) on itself given by 

(9) adg : End(S) -> End(S), ad£<P := Q<P + m c . 
Remark 3.3. • ad c and l) arc compatible in the following way: 

(10) b{adg^) = ad% n ^ + adgm. 

• Denote by fi ± the two respective projections on the (±l)-eigenspaces of 
(•) C . Thcnadg*^ +{0+,$}. 

• Furthermore we have (ac?g$) c = adg$ c which yields that adg preserves 
the (ztl)-eigenspaces of the linear map $ i— > $ c for all 17 £ End(S). 

Definition 3.4. Let D be a connection on the spinor bundle 5 over the manifold 
M re d- Denote the Levi-Civita connection on M rc d by V and the Clifford map by 
7 : £(M re d) -> TEnd(S). The torsion T e 2 (M rcd ) ® TEnd{S) of D is defined by 
two times the skew symmetrization of £>7 : 3£(M re d) <S> X(M rod ) — > TEnd(S), i.e. 

(11) T(X J Y) = (D X 7)(Y)-( J D y7 )(X). 

Remark 3.5. • We write (D x7 )(F) = D X (7(Y)) - 7(VxF). If we omit the 

map 7 we get 

T(X, Y) = D X Y - D Y X - [X, Y] . 

• In terms of the difference A = D — V € J7 1 (M) ®TEnd(S) the torsion may 
be written as 

T(X,Y)=ad% x) Y-ad% Y) X. 

• The torsion has symmetry Ai, i.e. we have C(r),Tfj, v ^) = AiC(£, T^r]) for 
all 17, £. 

• For a metric connection D on S the torsion coincides with the torsion 
defined by the connection D on M re d- 

The torsion obeys some Bianchi-type identities. 

Proposition 3.6. Let D be a connection on the spinor bundle S over the 
(pseudo) Riemannian manifold M re d- The torsion T and the curvature R of D 
obey 

(12) = ad c {R [k)1 ) 1v] , 

(13) b [K (ad%-f)^ p] = ad c (R [ ^)% p] . 

In this context we add the following identity for the curvature R of D: 

(14) D [K R^ } =0. 

The difference A = D — V of the spinor connection D and the Levi-Civita connection 
V is an £ , nd(S')-valued one-form on M re d- Therefore A{X) can be decomposed into 
its homogeneous summands via the morphism C*. Usually, for a given (,-iovva. F 
on M re d the two terms X A F and X\F both contribute to physically relevant 
connections^ Due to the fact that either X A F or X\F preserve the charge 
conjugation - but in no case both of them - the class of connections which is 
adapted to our purpose will be different. 

m For example the supergravity connection in eleven dimension has a four-form contribution 
via D M - V M = -^F^pa^f" 7 + 2gg i^^P^r, see \5\. 
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Definition 3.7. Let D be a connection on S and /Ci C TS a subset. We call the 
pair (Z?,/Ci) admissible if the symmetric part of acts trivially on ICi and if D 
is fixed, we call /Ci admissible. We call D admissible if D7 is skew symmetric 

Remark 3.8. • If (D, ICi) is admissible and T is the torsion of the connection 

D = V + A we have = 2L> M 7„£ = 2ad2 t 7„£ for all £ e /Ci- 

• If the connection D on S is admissible so is (D,/Ci) for all /Ci C TS. 

• Admissible metric connections are exactly those metric connections with 
totally skew symmetric torsion. 

In particular, the next two propositions makes admissibility appropriate concept 
for our main purpose. 

Proposition 3.9. The connection D = V + A on S is admissible if and only if 
each summand is of Ax is of the form X A F or X\F with A^^Ai = — 1. In 
particular admissibility only depends on the form F. 

Proposition 3.10. If Id C {77 g TS; £> c ?/ = 0}. Then for all 77, £ g Id the vector 
field {77, £} is Killing if and only if (Z),/Ci) is admissible. 

Admissibility of a connection is an algebraic property and has the following conse- 
quence. 

Lemma 3.11. Let D be an admissible connection with torsion T. Then ilty) in 
Proposition \3.6\ allows to express the curvature of the Levi- Civita connection in 
terms of R and T : 

(15) R^ vXl x = ad c R ^ v -b [K T Av . 

4. SUSY STRUCTURES ON M q 

Consider a (pseudo) Riemannian spin manifold M ro d such that Ai = 1. We use 
the notations introduced above, i.e. 21 = TAS* with its canonical filtration and 
canonical deformation def q 2t, the graded manifold M = (M, 21) , its deformation 
M q = (M re< j, defqSt), and the filtration Z = {2„} ne j such that def^X(M) = 
I(M q )nl(M)[q]. 

Definition 4.1. Let M re d be a (pseudo) Riemannian spin manifold with charge 
conjugation obeying Ai = 1. Furthermore let S be a spinor bundle over M re d and 
21 the sheaf of sections in AS*. Let M q be the deformation of the graded manifold 
M = (A^cd, 21)- A SUSY structure on M q is a subsuperalgebra 6 C defq X{M) C 
X(M q ) which is given by the following data: A connection D on S which determines 
the splitting |T]), two C-linear maps 

(16) e : X(M rcd ) -» X(M q )° , : TS -> X(Afq) 1 , 

two subspaces ICq c X(A/ rc d) and K-i c TS, as well as a subspace 3 C def q X(M), 
such that 

a) & = e(/Co) © o(/Ci) © 3 as superspaces, 

b) 3 is a module over 6modq 2 , 
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c) & mod q is a semidirect product with non- vanishing commutators 

[e(Y),e(Y)] = z([X,Y]) \ 

> mod q 
[e(X),o(77)] = o(C xV ) I 

for all X, Y € /Co and r] € Ki, and 

d) S mod q 2 is a Lie superalgebra with non- vanishing commutators 



mod q 2 



[e(J0,e(Y)] = t([X,Y]) 
[t(X),o{v)] = °(£xv) 
[o(v),o(0] - qj({^,e}) 

[e(X),qj(y)] = qj([X,Y}) 
for all X, y G /Co and 77, £ € /Ci. 

The SUSY structure is called mass preserving if e and preserve the mass dimen- 
sion. The elements in /Co and /Ci are called even and odd Killing fields, respectively. 
The SUSY structure is called pure if 3 = modq 2 and 3 is generated by /Co and 
/Ci, and it is called finite if 3 is finite. 



If the maps and e preserve the mass dimension as well as the Z2-degree, we see 
from tabic [T] that this is possible only if 

imagc(e) C j(X(A/ rcd )) © TS ® 3 {TS) C Z ° , 

imagc(o) c j(TS) © q TS ® j(3£(M red )) © q FA 2 .? © j(T5) C Zq 1 © . 

Remark 4.2. • In particular, c) yields that /Co has to be subalgebra of the 

vector fields and /Ci has to be invariant under the Lie action of /Co and 
S mod q is isomorphic to /Co x ICi . In d) the even and odd generators are 
given by /Co and /Ci, respectively. 

• The parameter which describes the higher order terms of the algebra & 
has mass dimension 1 and may therefore be interpreted as energy. A use- 
ful interpretation of this fact is the following: For low energies the even 
fields of infinitesimal transformations and their odd counterparts decouple 
but for increasing energies supcrsymmetric effects have to be taken into ac- 
count. Moreover, further increasing the energy leads to higher order terms 
contributing to the algebra. 

• If 77 e /Ci obeys {77, 77} = 0, for example 77 is a pure spinor, then def q 2l is a 
Q- algebra in the sense of [13] by taking Q := 0(77). 

Definition 4.3. Consider the manifolds M red , M and M q as before. Let D be a 
spinor connection on S. We define 

(17) e : X(A/ rcd ) -> X(A/ q )° , e(X) := £ x , 

(18) o:TS ^X(M q )\ o(^):=j(v)+q*(v)- 
Here 

1 : TS ^ TS © rs*| = TS © X(M rod ) <L X{Mf> v 

where to is the spin-invariant inclusion such that o((p) (77) = (ip, 77} + q7 A V A £^77. If 
we write D = V + A, the image of e in terms of j is e{X) = j(X) — VX — Ax- 
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Theorem 4.4. We consider the deformation Af q of the special graded manifold 
AI = (A/rod, 21). Let D be a connection on the spinor bundle S over the reduced 
manifold. Let /Co C £(Af re d) be the subset of Killing vector fields on Af re d which 
leave the connection invariant, i.e. C X D = for all X g /Co. Furthermore let 
K.\ C TS be a subspace of D c -parallel spinors such that (D, /Ci) is admissible. Then 
/Co, /Ci and t, o cf. definition \4-.3\ define a mass preserving, pure SUSY structure 
on Af q . 

Remark 4.5. The subset of Killing vector fields that leave the connection D invariant 
is a subalgebra, due to [L[ X ,y],Dz] = [L X , [L Y ,D Z }} - [Ly, [L X ,D Z ]]. 

Remark 4.6. For a supersymmetry realization similar to & mod q with D to be the 
Levi-Civita connection we refer to pQ. Moreover, the semidirect product /Co x K.\ 
has also been used in [8] as an ansatz to construct superalgebras including twistor 
spinors. The counterexample presented by the author perfectly fits in our setting, 
because the Killing connection D = V + ij is not admissible for the used inner 
product on the spinor bundle. 

In appendix lAl we will examine in detail the higher order contributions to the SUSY 
structure introduced in theorem 14.41 This also provides a proof of the statement 
formulated therein. In particular, we recall that the choice of charge conjugation on 
the spinor bundle S over the reduced manifold M re d is in such a way that Ai = 1. 
Some of the relations we will use in the following have also been used in [10] when 
we discussed second order commutators and their relations to the Bianchi identities 
cf. proposition 13. 61 

We will see that all we need to construct a basis of the center of the pure SUSY 
structure module q fc+1 are mixed commutators of I powers of D with k — I powers 
of i for < £ < k. The elementary summands of contributions to the center 
(modulo q k+1 ) are shown to be obtained by the k-th power of images of i as well 
as contractions with images of j. We will become more precise at suitable place. 
Here we will describe the SUSY structure cf. theorem 14.41 up to terms of order q 2 . 

4.1. The SUSY structure up to order 1. 
Lemma 4.7. Ln the situation of theorem \4-4\ we have 

(19) [ofoO, o(i/>)] = q£ {¥ ^ } + q 2< 8(i?; i>) + q 2 £(^; <p, i>) 

for all ip, if 6 K,\. We use the short notations 

(20) 2J(i?; ip, ip) = A 7"^ © , 

(21) 2)(T;^,V) = i(7>AW + 7 ^A^)®^' 

For X,Y 6 X(A/ rod ), tp,ip £ TS and $ G TEnd(S) the following fundamental 
commutation relations hold. 

[j(X),j(Y)] = R(X,Y) + j([X,Y}) 

(22) [J(<P),JW]=0, [j(X),j( ( p)]=j(D^), 

[$, 3 (<p)] = 3(-$ C v), = D X <S>. 
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From this we get 

(23) [j{tp), i(i>)] = \D M} + 7^ ® Dfy , 
[i{cp),i(tp)] = j^ip A j v ip © Rp V 

(24) + 7V A l v D°i> ®D V + A j u D^(p <g> L>„ 

+ 7*V A ad^T" ^ ® A, + 7^ A adS M 7" V® D v 
Due to definition 13.41 and remark l3~5l the latter yields 

[0(77), 0(0] = q£{„.«} + qV?7 A 7 "£ © fl^ 

(25) q 2 

+ ^- (7^77 A T^i ® £>" + 7^ A T^rj ® D ) 

for 77, £ G /Ci which proves lemma |4~71 To describe the SUSY structure we also need 

(26) D {v,t}] = D {c x <p,i>} + D { v xx*p} 

and 

(27) [j( V ),D {Vti} ] =0, 

which holds for all X S /Co and <p € JCi. This is enough to prove the statement 
of theorem 14.41 for terms up to order q 2 . For the high energy corrections, and 
therefore for the complete proof, we refer to appendix [XJ Before we come to this 
point we will turn to some examples, in which we will primarily discuss the first 
order contributions. 



4.2. Examples. We have the following simple but important example. 

Example 4.8. Consider flat space M" with flat connection on its trivial spinor bun- 
dle. Then the SUSY structure c.f. theorem 14.41 admits no higher order corrections 
and we recover the usual supersymmetry algebra for q = 1. 



For D to be the Levi-Civita connection we get the next class of examples general- 
izing the first example. 

Example 4.9. Consider a Riemannian spin manifold of dimension 2ti and holonomy 
SU(n). The SUSY structure constructed with D to be the Levi-Civita connection 
is finite and /Ci is of dimension two. In particular no torsion terms are present. 
The same but with dim /Ci = 1 holds for Riemannian manifolds of dimension eight 
or seven and holonomy Spin(7) or G2. The results on supersymmetric Killing 
structures in [9] on such manifolds can be obtained by setting q = 1. 

Now we turn to an example with non vanishing torsion. 

Example 4.10. Given a seven dimensional Riemannian manifold (N,g) and a three 
dimensional Lorentz manifold (H, h). Consider the product manifold M = N x H 
with metric g = g © h of Lorentzian signature. The spinor bundle S of M can be 
written as the tensor product of the two respective spinor bundles, more precisely 
S + = Sn © Sh and the same for S~. The Clifford map decomposes in the same 

/ 7JV®l + l®7iA w , . mt 

way 7m = . We retcr to appendix \a] tor an 

\7w © 1 + 1 ® 7ff / 

explicit choice of matrices. In particular this choice is used for explicit calculations. 
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We specify the above situation and begin with the seven dimensional summand. TV 
is assumed to be a manifold which admits a G 2 structure u parallel with respect 
to a given metric connection. The torsion of this connection shall be contained in 
the one dimensional {^-invariant subspacc of A 3 TN . Therefore the connection can 
be written as 

(28) D% = V, + I^V" 

and N is an Einstein space with scalar curvature described by the constant A (see 
(BJ). In this case there exists exactly one spinor r\ such that Drj = 0. Furthermore, 
the spinor and the invariant form lo are connected via to ~ C$ (rj, rf). In particular, 
the only non-trivial forms which can be obtained by 77 are C//(t7, 77) and Cq (77, rj) =: 
|r7| 2 as well as their Hodge duals0 Because |ry| 2 is constant we will consider it to 
be normed, i.e. |Ty| 2 = 1. 

The three dimensional part is specified in the following way. We consider H to be 
a Lie group with totally skew symmetric structure constants f a bc- In particular 
the Lia algebra in this case is given by u(l) © u(l) © u(l) in the case of vanishing 
structure constants and st(2) in the remaining case. The metric h is given in such 
a way that it is diagonal with respect to a choice of generators (Ei,E 2 , E3) of the 
Lie algebra i) of H with h(E 1 ,E 1 ) = -l,h(E 2 ,E 2 ) = h(E 3 ,E 3 ) = 1. The Levi- 
Civita connection in this case is determined by h(VE a Eb, E c ) = \f a bc- On H and 
therefore on Sh we consider the flat connection, which in the chosen ON-frame is 
given by 

(29) Df = V Q -i/ abc7 bc . 

Of course all constant spinors are parallel with respect to this connection. 

On the ten dimensional Lorcntzian manifold M = N x H and also on its spinor 
bundle S we consider the connection D given by l]28p and (f2T))) . Furthermore we 
define /Ci as the (two dimensional) space of D-parallel spinors of positive chirality, 

(30) K\ = span{r?i,?72}, with 771 := r) ® (1, 0) T , 772 = t] ® (0, 1) T . 

This turns this example into a candidate of type //75-gravity background. The 
spinors in K-i yield Killing vector fields 

(31) X af3 :=C 1 (r la ,r l0 )=^ !3 E a , 

or explicitly Xn = i(E\ — E 3 ), X 2 2 = i(E\ + E 3 ), and X\ 2 = iE 2 . Due to the fact 
that 1 77 1 2 is constant with respect to D, the X a p belong to the set JCq of Killing 
vector fields on M that leave the connection invariant. The result is summarized 
as followsQ 

Proposition 4.11. We consider the manifold (M,g) and connection D as defined 
above. Let~$ 2 be the lowest order corrections to the SUSY structure cf. theorem \4-4\ 
A basis of 32 is given by 

(32) l S(T;7] a ,r) a >) =771 Arj 2 ®D Xaa , + A(w M ® (e Q V e a >)) ® D» 

lv This is due to the fact that A = A3 = A 4 = A 7 = 1 and Ai = A 2 = A 5 = A 6 = -1 on a 
seven dimensional Riemannian manifold (compare [9]) 

v By {e a } we denote the standard basis of flat R 3 and and by {e M , eg} the basis of Sjv induced 
by the 02-structure. Moreover we write e^a = e M ® e a . 
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and 23 (-R; r) a , rj a i) which acts on a superfunction £ © ep G rS 1 C TAS" &y 

(33) 'Ja,^')^ ® ^) = 2^E"'" 5A e Ka A e Aa , Ae X p. 

Recalling ([20]) and (|2ip , the first order corrections to the SUSY algebra are 

(34) ®(T;r) a ,r]p) = ®„(T;r) a ,r)p)®D> i +T) a (T ; rj a , r)p) <g> D a 

(35) <B(i?; »j a , tj/s) = ® M „ (iZ; T] a , tj/j) © 7 Ml/ + ife, »7/s) © 7° b 

Because D is chosen to be flat in the three dimensional component of M, the second 
summand in (|35[) vanishes. The second summand of (|34p is 

(36) £> C (T ; rip) = fabc^Va A 7% = ±(77 V 7?) ® (f a bcj a e a A 7%) . 
Due to the Fierz identity, which explicitly reads as 

(37) r?®£ = £ A (-A Air c (w) 

* — '« n! dmiD 
and the symmetries Aq = — A J = — 1 we have 

7 [a e Q A 7% = ic ff (7 [Q ecn 7 bl e^)(C ff )^e Q A e/3 
= C ff (f%,e a )e 1 Ae 2 
= /^(TcWiAej. 
This together with (f36|) yields the vertical part of (|32|) . 

If we use the explicit form of the 7- matrices from appendix [B] we see, that in these 
coordinates r] = eg, i.e. 7^77 = e M . Therefore "f^n A 7 K ]?7 = e[„ A e re i such that the 
horizontal component of is given by 

35^(7"; r) a , T)p) = XuJ^^Va A ^ K r\p 

= \u^vk(<Zv A e«) ® (e a V e^) 
= Xcjfj, © (e Q V e/3) . 

which is (|32|) . The second summand in (|35[) is 

%)) = R^JnVa A 7 A 7^ © 7m „ 

= iiJ^ KA ((e« A e x ) © (e a V e^)) © 7 M „ 

= ir sA e M A e A/3 © 7|i „ . 

We recall that D is a 02-connection and therefore the curvature takes its values 
in fl 2 , i-c R^ uk x^ kX<t = or equivalently R^ K \ = §(d"£££ + 5 * w A1I/ CTr )i? <TTKA 
which is 2R llVK \ = *w A ,iy°" r R<j T k\- For tt, 6* 7^ 8 we may decompose (7 /iI/ ) 7 rfl into the 
projections 11+ , II onto the summands of the decomposition so (7) = 0,2 © 7 

(7"")** = -4 • + 1 * + 2 • K^a* - i * ^\ e ) ■ 

The result ([33]) now follows from 
i?^ K A7 KA e = iWA(7 KA r%e T + (7 KA ) 7r8 e 8 e. + (7 KA ) 8 ^.e 8 ) 

= iV KA (2(II_) KAT %e. ~ 4(n+) KAT %e T - Ci/^&e* + c^ A ^e 8 ) 
= 4£ Re tlVKl e K . 
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5. Concluding Remarks and Outlook 

In the preceding sections we described supersymmetry as a semiclassical limit of a 
geometric structure on a deformed supcrmanifold. After providing the necessary 
tools we defined the SUSY structure in definition 14.11 The example cf. theorem 
14.41 was discussed in detail. The constructive proof and in particular lemma IA.4I 
provides an explicit list of all possible high energy corrections to 6 in terms of 
curvature and torsion of the connection D on the spinor bundle, as well as their 
covariant derivatives. So this list allows calculations with explicit examples. Due 
to lemma |A. II the amount of elements in 3 increase rapidly with raising order which 
may make the calculations lengthy. In many cases some of the terms vanish due 
to the geometry of the underlying manifold, like in example 14. 101 or the discussion 
of Killing structures in [S]. Another way to avoid correction terms is to break 
supersymmetry, i.e. we restrict to subsets of the admissible set K,\. This is achieved 
by imposing vanishing conditions on some of the higher order terms. When we 
discussed brane metrics in [10] the vanishing of D(T, ■,■) restricted the parallel 
spinors to those contained in the kernel of the basic vector field of the metric. In 
view of future work one might construct actions of the infinitesimal automorphism 
6 of M q on sets of fields which allow defining generalized invariant Lagrangians. 
This should be done by taking into account natural bundles over M q which contain 
deformations of fields with arbitrary spin content. In this respect it might also be 
interesting in what way quasi morphisms of the algebra 6 can be obtained. They 
are candidates for duality transformations between different models. 

Appendix A. Proof of theorem 14.41 

A.l. High energy corrections to the SUSY structure. The contributions to 
the SUSY structure of order two or higher in q have been collected in the set 3- 
For 3 to be pure it must be generated by K\ and ICq- The following construction 
will help us to describe the higher order terms of the SUSY structure cf. theorem 

m 

Let D and i be abbreviations for the maps from TS&TS and TS to X(M) given by 
r?<8>£ i-> £>{,,,£} and n ^ i(r)). For k > 2 we consider maps X k : ®f =k T S m -> X(M) 
which images are given by all possible commutators of exactly k images of D and 
i. For example in the case k = 5 such map may be [D, [i, [D, [D, i]]]]. We define 

Uk := spanjimages of A fc } . 

From the construction it is clear that Uk C Zk- 

Lemma A.l. U 2 = spanjA^i, ?y 2 ), X$(rn, m, %), A|(?7i, r/ 2 , m)\vj & rs } 
and for 3 < k < dimS* the space Uk is spanned by at most 2 k ~ 1 linear independent 
types of elements of which a k are (2k — j) -linear. Here a k = (j'Z^) + (^2) ij-l) 
C7 3 ) for j = 0,..., [^±2] - 1 and a) = a\_ J for < j < k. If k > dim S the 

maximal number of elements is reduced to Y)j—n ■ 

Proof. A basis of Uk will be constructed recursively. Starting with k = 2 we will 
for k > 3 get Uf. = spanjimages of X k , . . . , X k k _ 1 } and, in particular, a k of these 
maps are (2k — j')-Hnear. 
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We start with U%. All maps we get by commutators of D and i are 

Xl{r]i,r]2) = [7(771), 7(772)] 
^2(^1,%, »73) = [ D {m. m} >*(%)] 

^3(^1: ^2,773, 7? 4 ) = [-D{fji,»j a })-D{»7 S ^4}] 

This list - with 77^ varying over TS - provides a basis for Ui- 
We list some elements from C/ 3 : 



*i(m,- 


■ -,V3) = 


[1(771), [4(772), 7(7/3)]] 




■ ■ ,>74) = 


[«M, [i(m),D{ V3 , m }]] 




■ -,775) = 




xl(m,- 


■ -,776) = 


[ D {m,V2h [ D {v3,Vi}' D {v5,V6}]] 



This list - with rjj varying over TS - provides a basis for U3 because the miss- 
ing combinations are given by [D,[z,i]] = n, [D, «]] + [7, [D,i]\ and [7, [D,D]] = 
[D, [z, D]\ — [D, [D, 7]] due to the Jacobi identity. 

The basis for ?7 3 is the starting point of the recursion process. The commutators 
of the basis of Uk with images of 1 or D yields elements in Uk+i- This gives an 
(to + l)-linear or an (to + 2)-lincar element from an m-lincar element. 

In fact this process yields a basis of Uk because all symmetries which come from the 
Jacobi identity and which may reduce the dimension have been used in the step from 
k = 2 to k = 3. In particular more complicated commutators are ruled out by the 
Jacobi identity as well, e.g. for k = 4 we have [[A, B], [C, D]] = [A, [B, [C, D}]] - 
[B, [A, [C, £>]]] . Therefore, for k > 4 a basis of Uk is constructed by 

X*=[*(-)>*£ _1 ] and A 2 V 2+Q = [D^^Xt 1 ] 
for 1 < a < 2 k ~ 2 . 

We denote the maximal number of (2k — j)-linear elements in the basis of Uk by 
a k . The statement on these numbers is a consequence of the recursion process and 
we may deduce them from a combination of four Pascal triangles cf. table O 

This yields that the maximal number of different types of basis elements in the case 
3 < k < dimS" is given by X^=o a j = The number of elements reduces for 

k > dim S because as a result of the above process the (2k — j)-linear vector fields 
have coefficients in IA- 7 S © TA^^S which vanishes for j = dim S + l,...,k. So the 
corrected value is Y^j=Q S a> j as stated. □ 

Proposition A. 2. We consider the situation of theorem \4-4\ an d expand 3 
3 = ©q fe 3fc with 3fc C Zk- Then 3fc = Uk where the maps X l a are restricted 
to K,\. The mass dimension of a (2k — j) -linear element of the basis is — 

Remark A. 3. The action of /Co has no effect on the shape of the elements in U := 
(§) k Uk if we restrict the maps to /Ci due to the compatibility of the connection 
with the infinitesimal transformations of Af re d- 

Proof. [Proposition lA.2j The commutators [o(/Ci), o(/Ci)] form a subset of qj^o)© 
q 2 ^!^- The construction of U yields that the restriction of Uk is a subset of 3fe- 
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Table 2. The maximal number a* 



k =3456789 

1 



G 



/ 



5 22 
16 

11 42 
26 

15 56 
30 

15 56 
26 

11 42 
16 

5 22 
6 

7 

1 

1 

/ 



1 



Due to the Jacobi identity we have [t/fcjC/f] C Uk+e such that for the proof of 
equality of 3fc and Uk we need to show that o(/Ci) acts on ©q fc L4. This is of 
course true for the second summand of o = j + i. For the first summand we recall 
that due to the Jacobi identity as well as ([27]) and (|23|) any contraction of one of 
the basic maps in Uk by £ G /Ci can be expressed as a linear combination of maps 
from Uk- 

A (2k — j)-linear basic element is a summand of the result of (k — j) contractions 
of the fc-th power of i, i.e. [• ■ ■ , [j(£k-j), Mm), I ■ ■ MVk-i),KVk)} ■ ■ ■}}} ■ ■ ■}}, 

which belongs to A^TS <g> j(X(M rod )) © A j+1 S ® j(TS). Taking into account the 



prefactor q fe the mass dimension is k — 



2 k- 



□ 
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Lemma A. 4. Each element in 3fc is a linear combinations of terms of the form 

(38) C ffl ..M k ^m A 2 V2 A • • ■ A S»>*S* © , 
and terms of the form 

(39) C^.^Q^m A n (2 f 2 r l2 A ■ • • A Q {k f k Vk <g> D M 

ww'tt ?7j S /Ci /or a// j, as weZi as terms with one or more of the k factors contracted 
by elements in jC± . The contractions C are in such a way that two factors have at 
most one index in common. 138]) and i39\) obey 

• The length of the multi-index fl = (/ii, . . . , /Jfc) is at least two and at 
most k, and all lengths appear in some summand. 

^ is a covariant derivative of the curvature of at most degree (k — 2). 

• The length of the multi-index (/J-j,Vj) is at least one for all j and the length 
of {Pi, . . . , Vk) is 2(k - \p\). 

is either of the form D l T with — 1 < I < k — 3 or of the form 
ad% qR D p T with -1 < q + p < k - A, p > -1, q > 0. 

• The length of the multi-index (iZj) is at least one and the length of (k\, . . . , K k ) 
is 2{k - 1). 

f2(j) is either of the form D T of degree — 1 < £ < fc — 2 or of the form 
adp q R D P T of at most degree — 1 < p + q < k — 3, p > — 1, q > 0. 

• All powers of derivatives from — 1 up to the stated limits appear in some 
summand and in each summand the total amount of derivatives is - here 
we naturally define D7 T := j k o,nd the curvature gives a value of two. 

Proof. We consider the basis of 3fc- To get the special type of the summands of each 
element in 3& we recall that each summand which appears in a commutator of the 
form [D{...}, Xj^ 1 ] also appears in contractions [?(•), [*(•)) X^ . Therefore, each 
summand appears in the fc-th power of i, i.e. in \i(r]i), [• • • , \i(r]k-i), *(%)] '"']]) 
or one of its contractions. The statement on the shape of the summands is true 
for k — 2 and k = 3 (see below). The step of induction is done by showing that 
[«(•), = Y, Y i-k) with y(-) as in Q or (39|). The fact that all summands 
appear follows with (fT0|) . □ 

A. 2. The lower order basic elements. We give the explicit form of the images 
of the maps X\ for k = 2, 3 when restricted to D c '-parallcl, admissible spinors. 
This yields a description of the basic elements of 3fc 

k = 2 

Xl(rn,r] 2 ) = 7 M ?7i A © Rpv 

+ ±7% A T^m <8 D" + ±7^2 A T^m <g> D" 

xl{vi,m,m) = {m,mYi v m © R^ 

X|(r?i, ... ,774) = i?({?n I '72},{7?3,%}) 
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Xi(m>*h,Va) = l K Vi A 7^2 A 7"% © {D K R)^ 

+ \ (l^m A 1kV2 A T Ky r?3 + 7^/1 A 7*773 A r Ki/ 7? 2 

+ 7«»7i A 7^3 A T KU m + 7k ?7i A 7^772 A T KV r) 3 ^ © ii M „ 
+ \ ( 7 K 7/i A T re/1 r? 2 A T^r l3 + ^ m A T KAI 7/ 3 A T^ m 

+ T UK m A 7^2 A 7^773 + 7""^ A 7^3 A 7^772) ® D v 
+ (\l K m A 7^*72 A t) K Tp,rfc + §7*171 A 7^3 A B k T^t] 2 

- l K m A 7^3 A adg Kjj 7^ J ® D" 
X 2 3 (?7i, . . . , 774) = {773, 7?4} M 7' C m A 7^2 © Ai-R^ 

+ ((773, -r^77 4 )7«m A 7^2 + T^r^Wm A 7^2 

+ |{%,?74} K 7 M m a t*"^ + mYinm a t^^) © 

+ 1(^3,^4)7^1 A r Ki/ r? 2 - (773,^774)7^! A T^rte 

+ (773,^774)^^ a 7^772 + Ite.^n^Ar^)®^ 

+ (K^^V^i A D^T KV ri2 - (773,^7;,, 7/4)7^71 A 7*772 
+ {'73,774} M 7 K '72 A adg^ 7^1) © D" 
*f (»7i. •••,%) = ^} K {7/3, 7/ 4 } A1 7 1/ '?5 © D K R^ 

+ ({7/1,772}. (7/3,^774)7^5 - {771, T KV mh K r,s 

+ U^Vihiva, V4VT KV V5 + H j 7i^2} ai {773, 774}kT ki '77 5 ) © R„ v 

- (77 1; r^77 2 ){773, 77 4 rr AlK 77. 5 + (771 , T™77 2 ) (t?3, ^774)7^775) ® A, 

+ (H'7i^2} K {773,774} A1 ^i?^ - {771,772}" (773, ^^774)7^75) ® D" 
Xl(r) U •••,%) = {77i, 772} K {773, 774} M {775, 77 6 }' / £ ) f c^ 

+ ({ 771 , 772 } ^ <773 , ^^774 ) { 775 , 776 } " + {771 , 772 } " (773 , " M 7 7 4 ) { 775 , 7 76 } K 

- {77i, 772} K {773, 774r(?75,T KM 77 6 ) - {77i,772} l/ {77 3 ,?74} K (77 5 ,r KM 77 6 ))i? A1 ^ 
+ ^({'7i^2} K (773,T KM 774)(77 5 ,r^77 6 ) - {773, 774} K (775,r KM 77 6 )(77!,r^772) 

- {771, 772} K (775, T KM 77 6 )(773, ^774) + {775, 7/6 } K (773, T KM 77 4 ) (771, T^77 2 )) D h 
+ (bli,V2} K {V3,ViV{V5,D K T^r l6 ) - {m,V2} K {V5,VeV{m,D K T^r h )^)D 
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Appendix B. 7-matrix conventions for D = 3 and D = 7 

For the calculations in example 14.101 we work with the following explicit 7-matrix 
representations. On the three dimensional factor we consider 7^ with 7^ = 102, 

^2 = °i an d 7^ = 03 as well as the charge conjugation C H = ^ ^ . 

On the seven dimensional factor we consider - with respect to an orthonormal frame 
of N - the 7-matriccs with 



(40) (7mW 



if fi, v ^ 8 , 



5^ if k = 8 . 



They are skew symmetric, such that C N = 1, and they obey 

V" K (7«)pa - 4<s' A X 1 = - * c^V - if A <7 ^ 8 , 

-^ k { 1k ) p& = -uj^ p if p ^(7 = 8, 

(7 ai ^k) p<t = < *«Vv ifp^<7 = 8, 

ifp = er = 8, 

where a; is the G2-structurc of N. Some useful trace identities which are used to 
get the 7-matrix identities above are 

uT K u Kpo = ityv) - *cu^ prT , ^» K u pVK = 66% , 

(42) 

^ KpX uj fiaX = QS\^ Kp] , w^w/" = -4w MP<T . 

We will often consider products of 7-matrices or there skew symmetrized products 
with the charge conjugation matrix. The result is denoted by adding a ~ to the 
matrices. In particular we have 7^ = 7^ as well as 

(43) T?=h ),T?=(. i ),tf = 
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